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We obtain a reduction of variables criterion for 4-dimensional Willmore- 

Chen submanifolds associated with the generalized Kaluza-Klein confor- 

real structures on the 7-sphere. This argument connects the variational 
problem of Willmore-Chen with a variational problem for closed curves 

into 4-spheres. It involves an elastic energy functional with potential. The 

method is based on the extrinsic conformal invariance of the Willmore- 
Chen variational problem, and the principle of symmetric criticality. It 
also uses several techniques from the theory of pseudo-Riemannian sub- 

mersions. Furthermore, we give some applications, in particular, a result 
of existence for constant mean curvature Willmore~Chen submanifolds 
which is essentially supported on the nice geometry of closed helices in 

the standard 3-sphere. 
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1. I n t r o d u c t i o n  

Willmore-Chen submanifolds are the natural extension to higher dimensions of 

Willmore surfaces. They are critical points of the Willmore-Chen functional 

W(M) = fM(a 2 -- %)~dY, 

defined on the space of compact n-dimensional submanifolds M of a given 

Riemannian (perhaps pseudo-Riemannian, if the submanifolds are choosen to 

be nondegenerate) manifold/17/. The terms appearing in the integrand are the 

mean curvature function a and the extrinsic scalar curvature % of M into hT/(% 

is the difference between the scalar curvature of M and the scalar curvature of 

M when computed with the ambient Riemannian curvature). 

The importance of the variational problem associated with this functional 

partially comes from its invariance under conformal changes of the metric of 

the ambient space M (see [10]). Therefore, 14; is also called the c o n f o r m a l  

t o t a l  m e a n  c u r v a t u r e  functional. When n = 2, ]42 is the well-known Willmore 

functional, and its critical points are the Willmore surfaces. Minimal surfaces in 

standard spheres are trivial examples of Willmore surfaces. However, some papers 

showing several methods to obtain non-minimal Willmore surfaces in standard 

spheres are known in the literature (see [3, 7, 11, 16, 20], etc.), or in non-standard 

spheres (see [1, 8]) and, more recently, in spaces with a global warped product 
pseudo-Riemannian structure (see [2, 4]). On the other hand, the first non-trivial 

examples of Willmore-Chen submanifolds in standard spheres were given in [6] 

and later in [4] for conformal structures associated to warped product metrics 

and consequently on reducible spaces. 

In this paper, we deal with the Willmore-Chen submanifolds of the conformal 

classes on the 7-sphere associated with the so-called generalized Kaluza-K1ein 
(Riemannian even pseudo-Riemannian) metrics. These are local warped product 
metrics ([13, 21]), and include, as particular cases, the Kaluza-Klein (also called 

bund le - l ike )  metrics. An essential ingredient to construct these structures is 

the usual Hopf fibration r :  S 7 ) S 4, which can be regarded as a Riemannian 

submersion when both spheres are assumed to be round spheres of radii, for 

example, 2 and 1, respectively. Therefore, the canonical variation of this Rie- 

mannian submersion ([9]) gives a one-parameter family of bundle-like metrics on 

S 7, which was earlier used to find examples of homogeneous Einstein metrics. 

For example, in contrast with the case of the Hopf fibration p: S 3 -----+ S 2 which 

cannot admit any Einstenian metric on S 3 different to the standard (because of 

its dimension), the case lr: S 7 ~ S 4 gives exactly one Einstenian metric, differ- 
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ent to the standard one. Of course, in both cases all the metrics in the canonical 

variation have constant scalar curvature. 

A generalized Kaluza-Klein metric on S 7 is rich in isometries. In fact, the 

natural  action of S 3 on ~7  to give S 4 as space of orbits, is made up of isometries 

of any generalized KMuza--Klein metric on S 7. Furthermore, 4-dimensional S a- 

invariant submanifolds on S 7 correspond with complete liftings of curves into the 

base S 4. 

The main theorem of this paper, which is contained in section 4, is, in the sense 

of Palais ([19]), an example of reduction of variables for a variational problem. 

It can be explained as follows: the search of Willmore-Chen submanifolds, for 

generalized Kaluza-Klein structures on S r, which do not break the Sa-symmetry, 

is reduced via the principle of symmetric criticality to the search of closed curves 

into the base ~4 which are critical points of a functional of the type 

G(7) = f (~2 + ¢(7,))2d8, 
J-y 

where n denotes the curvature function of the closed curve "), for a certain metric 

on S 4 and ¢ is a potential defined on the corresponding unit tangent vector 

bundle. 

We also compute the Euler-Lagrange equations associated to G, when the 

potential  ¢ is defined on S 4 , and obtain some simple consequences. 

In the last section, we take advantage of the geometry of helices in a round 3- 

sphere and use the fact that  the critical points of G, when ¢ is constant, in a round 

4-sphere must be contained in a totally geodesic 3-sphere (see Proposition 3). 

Then, we construct in wide families of conformal structures on S 7 a rational one- 

parameter  family of Wil lmore-Chen submanifolds with constant mean curvature 

(see Corollaries 2, 3 and Remark 5). 

ACKNOWLEDGEMENT: This work was partially done while the first author was 

a visiting Professor at Depar tamento de Algebra, Computaci6n, Geometr ia  y 

Topologia, Universidad de Sevilla. He wishes to thank his colleagues for providing 

him with nice facilities and for their hospitality. 

2. Se t  up  

We will use the terminology of [9, 18]. Let 7r: (P,~) ~ (B,~) be a pseudo- 

Riemannian submersion. For each x C P we denote by F ,  = lr-l(Tr(x)) the fibre 

(or leaf) through x. Then ~ ,  = Tx(F~) defines the vertical distribution, and the 
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orthogonal complement to 0x in TxP, say 7/z, defines the horizontal distribution 

7/. The O'Neill invariants will be denoted by T and A. Recall that T (also called 

the vertical configuration tensor [13]) is defined from the second fundamental 

form of the fibres. In particular, it vanishes identically if and only if the fibres 

are totally geodesic. On the other hand, the horizontal configuration tensor A 

measures the obstruction to integrability of the horizontal distribution. 

Given an arclength parametrized immersed curve 7 into B, we consider the 

submanifold M 7 - ~-1(7) on P. If X = 7' and )f  is its horizontal lift to P,  then 

Tx(M.~) = Span{)((x),  0~} and hence the normal space TX(M~) is a horizontal 

subspace. Pseudo-Riemannian submersions with minimal submanifolds as fibres 

are harmonic as maps. 
For a pseudo-Riemannian submersion one can define a nice deformation of the 

metric ~ by changing the relative scales of the base and the fibres. In fact we just 

define {~t = 7r*(~) + t2gF /t  > 0}, where gF denotes the induced metric of 

on the fibres. Certainly we obtain a one-parameter family of pseudo-Riemannian 

submersions 7rt: (P, Or) ~ (B, ~) with the same horizontal distribution. 

Along this paper, the Hopf maps between spheres will be important. We will 

denote then p: •3 > S 2 and 7r: S 7 - -~ S 4. Recall that they are submersions 

with fibre S 1 and S 3, respectively. We are going to describe briefly the second 

one. Similar facts hold for the first one. From now on, Sn(r) will denote the 

round n-sphere of radius r, which means it is endowed with its standard metric 

of constant sectional curvature 1/r 2. 
We start  with F.~ = {y = (yl,y2)/yl,Y2 C H}, where H denotes the algebra 

of the quaternions equipped with its natural symplectic product (,) whose real 

part gives the usual Euclidean inner product on R s = iE 2, which will be denoted 

by (,). Then ST(r) = {y C ]Hr2/(y,y) = r 2} and its tangent space is TxST(r) = 

{y e = 0 }  
We have an involutive distribution on S 7 (r) defined by 

x ~ 0x = Span{ix, jx,  kx}, 

where i, j and k are units of H. The space of orbits, under the natural action of 

S 3 (or S 3 (1), i.e., the unit quaternions) on S 7 (r), is the quaternion projective line, 

which can be identified with the 4-sphere. Now, the quaternion Hopf mapping 
4 1 r :  ST(r) - -+  S (~r) is a Riemannian submersion whose fibres (i.e., the orbits) 

are totally geodesic submanifolds in S 7 (r) and hence they have the isometry type 

of S a (r). 
As usual we denote by overbars the horizontal lifts of corresponding objects 

on the base. Thus, given a unit speed curve ~/in sa(½r), we can talk about the 
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horizontal lifts ~ of 7 t o  ~7(r), which are unit speed curves o n  ~7(r). The set of 

those lifts defines the complete lift M.~ = 7r-1(7) of 7. 

If D and D denote the Levi-Civita connections of ST(r) and $4( l r ) ,  

respectively, tlmn we have 

(2.1) 

(2.2) 

where 

D x Y  = D x Y  - (iX,Y}V~ - ( j f i ,Y)V2 - (kX,Y)V3,  

{ D2V1 = Dv, X = (1/r)if(,  

f)£V2 = Dv2X (1 /r ) jX ,  

D2V3 = Dv~X (1 / r )kX,  

1 1 
V l ( X ) = - i x ,  V 2 ( x ) = - j x  and V 3 ( x ) = l k x .  

T r ?~ 

3. G e n e r a l i z e d  K a l u z a - K e i n  p s e u d o - m e t r i c s  in t h e  s e v e n - s p h e r e  

Let $7(S 4, S 3) be the principal fibre bundle with base ~4 and structure group S 3. 

The projection map is 7r: S 7 - - ~  ~4 and /: will denote the Lie algebra of S 3. A 

natural  connection can be defined on this bundle by assigning to each x E S 7 its 

horizontal subspace 7ix. Let w be the connection 1-form, which is defined on S 7 

with values into t:. In particular, Vl(x) = ix, V2(x) = j x  and V3(x) = kx give a 

global fl'ame of flmdamental vector fields. For the sake of simplicity we assume 

both ~7 and ~3 to have radius one and so {V1, V2, V3} defines an orthonormal 

frame with respect to the standard Riemannian metric dcr 2 of ~3. This metric is 

known to be bi-invariant on this Lie group. 

Let .A4 and 5 +  be the space of Riemannian metrics and the space of smooth 

positive fimctions on S 4, respectively. We define the following mapping: 

• : M  × 7+ × {-1,1} M,  

(3.1) h = ¢P(h, v, ~) = ~*(h) + ~(v o ~)2w*(da2), 

where fi4 is the space of pseudo-metrics on ~7. Thus h is Riemannian or index 

three according to whether e is 1 or - 1 .  

A pseudo-metric on S 7 in the image of this mapping is called a g e n e r a l i z e d  

K a l u z a - K l e i n  m e t r i c  on S 7 (S 4, ~3), or shortly, on S 7. The Kaluza-Klein metric 

(also known as b u n d l e - l i k e  m e t r i c  in the literature) corresponds with the case 

where v is a constant. In particular, when h = g (the standard metric of constant 

sectional curvature 4 on $4), then ~(g, t, 1) gives the canonical variation of the 

standard Riemannian metric ~ = 4)(g, 1, 1) (of constant sectional curvature 1) 
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on S 7. Furthermore, ~5(g,t ,-1) defines the canonical variation of the standard 

index three metric g3 = q~(g, 1 , - 1 )  on ~7. 

Remark 1: It should be noticed that 03 is essentially obtained from 0 by changing 

the sign of da 2. In greater generality, we can consider the standard Lorentz metric 

da~ on S 3 (see [23] for details about the standard metric on an odd sphere) 

and construct the associated generalized Kaluza-Klein metrics by putting da 2 

instead of da 2 into (3.1). In this case q~(g,t, 1) gives the canonical variation of 

the standard Lorentz metric 01 = ¢(9, 1, 1) on S 7, while ~(9, t , - 1 )  defines the 

canonical variation of the index two standard metric 02 = ~5(g, 1 , - 1 )  on S 7. 

It can be summarized in a few words: generalized Kaluza-Klein metrics are 

iocal warped product metrics ([9, 13]). 

Some nice properties of these metrics are collected in the following 

PROPOSITION 1: Let h = q~(h,v,e) be a generalized Kaluza-Klein metric on 

S 7. The following assertions hold: 

(1) lr: (S 7, h) -----+ (S 4, h) is a pseudo-Riemannian submersion. Moreover, it has 

totally geodesic/eaves if and onty if v is a constant. 

(2) The natural action o r s  3 on S 7 is made by isometries of (S 7, h). 

(3) An immersed 4-dimensional submanifold M in S 7 is S3-invariant if and only 

if M = My = 7r-1(7) for some immersed curve 7 into S 4 . If'y is closed, then 

M is compact and it is embedded in S 7 if'y does not have self-intersections 

in S 4 . 

(4) I f  v is constant, then the mean curvature function a of M e in (S 7, h) and 

the curvature function n of'y in (S 4, h) are related by 

1 
(3.2) a 2 = ~6(~ 2 o 7r). 

Proof: The first claim is evident. Moreover, the O'Neill invariant T ([18]) of 

these pseudo-Riemannian submersions vanishes identically if and only if v is a 

constant. This proves (1). The second statement is clear, and the third one can 

be obtained by using the argument given in [20]. The last assertion is a particular 

case of a result shown in [1]. 

4. A general approach. The main theorem 

Let M be a compact smooth manifold of dimension 4 and denote by I (M,  S 7) the 

space of immersions of M into S 7. For any pseudo-Riemannian metric h on S 7, we 

define the submanifold I£(M,S 7) of I ( M , $  7) by I h ( M , S  7) = 
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{~ C I(M, 57)/~*(/z) is non-degenerate}.  Then  the Wil lmore-Chen functional is 

W: I£(M,  57) ---+ II~, which is given by 

=/M(a  - 
(4.1) ~Y(~) 

To s tudy Willmore Chen submanifolds in (57,8(h))  (where C(h) denotes the 

conformal s t ructure  on S 7 associated with h), we make the following conformal 

change in (~7, ~): 

(4.2) h = (7: o v) 2/t = • • 

Now 7r: (57, h) ~ (54, ~ • h) provides us with the following facts: 

1. It is still a pseudo-Riemannian submersion. However, it has total ly 

geodesic leaves. 

2. I£(M, 5 ~) = Ih(M, S 7) and ~ is Wil lmore-Chen in (57,/~) if and only if it 

is so in (~7,/t). 

3. For any ~ E I£(M,S 7) and any a E S 3, we have VV(~) a) = Y(~)). In 

o ther  words, P is 53-invariant. 

From now on we will adopt  the following notation: G = S 3, J a  is the space 

of G-invariant  points of I[~(M, 57), E is the set of critical points of W ( that  is, 

the set of Wil lmore Chen immersions) and E c  is the set of critical points of W 

when restr icted to , I t .  As a consequence of s ta tement  (3) in Proposi t ion 1, JG 

can be identified with {Mn = 7r-1(7) /7  is a closed curve inmersed into 54}. On 

the other  hand, the principle of symmetr ic  criticality ensures ([19]), 

~NJG= ~G. 

Therefore,  in order to obtain Wil lmore-Chen submanifolds which do not break 

the G-symmet ry  of the problem, we only need to compute  ]/V on Ja and then to 

proceed in due course. To compute  the first term of the integrand of VV(MT), we 

use (3.2), where n is the curvature  function of ~ into (S 4 1 , ~--~.h)" We choose an 

arclength parametr iza t ion  of 7 in (S 4, 1 ,--~-h)" So if L > 0 is the length of "), and 

is a horizontal  lift of 7 to (S 7,/~), we define a mapping 

• : [0,  L]  × S z = a .  

It is clear tha t  • extended to ]R x S 3 defines a covering, which can be used to 

obtain parametr izat ions ,  of M.y. For the sake of simplicity we let V0 denote  the 
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horizontal lift of 7' to (S 7, h) along M r. Then {Vo, V1,V2, V3} provides a global 
frame of unit vector fields on M r. 

The extrinsic scalar curvature % of My is given by 

3 
1 

'-c = - k ( v , ,  v , , , ) ) ,  
l,rn=O 

where /£  and K denote the sectional curvature of (S 7, h) and MT, respectively. 

We use the local Riemannian product structure of My together with the totally 

geodesic nature of the leaves into both M r and (S 7, h) to obtain 

3 
1 

(4.3) Te = -~ E K(V0, Vl). 
/=1  

The O'Neill invariant A (also called the horizontal configuration map, [18, 

13]) allows one to compute the mixed (also called vertizontal, [22]) sectional 

curvatures appearing in (4.3) to get 

3 

(4.4) T~ = -~ E h(AvoV~' AvoVI)" 
l = l  

It is known that AvoVl is nothing but the horizontal component of VyoVl, 

where V denotes the Levi-Civita connection of ft. We use standard computations 

involving (2.2) to obtain 

(4.5) Avo V1 = -~(h(V1, [iVo, Vo])iVo+h(V1, [jVo, Vo])jVo+h(V~, [kVo, Vo])kVo). 

Similar equations are obtained for AvoV2 and AvoV3. 
To compute the Lie brackets appearing in these formulae, we use the Levi- 

Civita connection/)  of the standard Riemannian metric ~ into S 7. Therefore we 

apply (2.1) in (4.5) to get 

AvoV1 = -e~(Vo, Vo)iVo, 

(4.6) Ayo V2 = -eg(Vo, Vo)jVo, 

AvoY3 -e (V0, Yo)kYo. 

Since 170 is the horizontal lift of 3 / t o  (ST,h), then ~(Vo, Vo) -- g(~',~/)o 7r. 
Therefore, i f / /S  4 denotes the unitary tangent bundle of (S 4, ~ .  h), we can define 

a smooth function ~b:/IS 4 ---e R by 9(z) = g(z, z) (here z is a tangent vector 



Vol. 113, 1999 WILLMORE CHEN SUBMANIFOLDS 37 

1 . h). Now we use this a t  any point  of 54 which has length one but  relative to 

funct ion and (4.6) in (4.4) to obta in  

(4 . r )  7o = o 

Consequent ly  we have 

where dA also denotes the volume element of (53, dcr2). Thus  

vol(53, da  2 ) 
f (n 2 + ¢(9,'))2ds, 

256 ~ 
(4.8) 142(M~) - 

where  ¢(~/') = 8e(¢(7 ' ) )  2. 

T h e  funct ional  
f 

G(7) = ] ( . 2  + ¢ (7 , ) )2ds  

on closed curves 9' appear ing  in (4.8) is defined as an elastic energy functional  but  

with potent ial  ¢. It  also appears  natural ly  when one studies elastici ty of curves 

in a submanifo]d of a Riemannian  manifold ([14, 18]). We will call ¢ - e l a s t i c a e  

the critical points  of this functional ([8]). 

Summing  up, we have proved the following main  theorem: 

THEOREM 1: Let  h = ¢~(h,v,c) be a generalized Kaluza-Kle in  metric  on S 7 

and C(f~) its conformat class. I f  ~/ is a closed curve immersed  into S 4 and ~ is 

, 1 . h), then M r is a Wi l lmore-Chen  submanifold its curvature function in (54 

into (57,C(h))  i f  and only i f  ~/ is a ¢-elast ica into (54, ~ • h) with potential  
= 

R e m a r k  2: A similar result  can be obta ined  if we use the s t andard  Lorentz ian  

metr ic  da~ on the fibre S 3, instead of the Riemannian  one (see R e m a r k  1). So, a 

priori, one can obta in  4-dimensional  Wi l lmore -Chen  submanifolds  of any allowed 

index. 

/ -  

5. C r i t i c a l  p o i n t s  o f  G(7) = / ( n  2 + ¢(7'))2ds.  
J 7  

Let (N,  ( ,))  be  a R iemannian  manifold and denote by V and R the Lev i -Civ i t a  

connect ion and the Riemannian  curvature  tensor,  respectively. T h e  classical 

notion of elastic curve involves the functional  total  squared curvature defined on 
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the space of closed curves of a fixed length on (N, (,)). Although this concept is 

very old, there are more recent approaches (see, for instance, [15, 16, 17]). On 

the other hand, an elastic energy with potential functional appears  when one 

studies the elasticity of curves living in a submanifold of (N( , ) )  (see [14]). In 

the last section, we have shown that  this functional also appears for any metric 

on the 4-sphere, as a consequence of a reduction of variables for Wil lmore-Chen 

submanifolds, via the S3-symmetry of the fibration ~7(~4, $3). 

Next, we are going to compute the Euler-Lagrange equations for this functional 

when the potential  ¢ is the lifting to the unit tangent vector field L/N of a function 

on N, although for our purposes it will be enough to consider G defined on the 

smooth manifold consisting of closed curves of a fixed length. One could vary 

through curves which satisfy a given first-order boundary data. 

Let "~: I C ll( > N be an arclength parametrized closed curve immersed in 

N with curvature function a. Put  T = 7'  and consider a variation F - F(s, t) : 

I x (-5,5)  > N of % F(s,0)  = 7(s), through closed curves. We use a stan- 

dard terminology, which can be briefly reduced to: V(s, t) = OF/Os, W(s,  t) = 
OF/Ot, v(s, t) = (V(s, t), V(s, t)) 1, T(s, t) = ~V(s, t) and n 2 (s, t) = (VTT, VTT) .  

The following well-known lemma ([15]) collects some useful technical facts. 

LEMMA 1: Using the above notation, the following assertions hold: 

IV, w ]  = 0, 
Ov 

- < V ~ W , T > ~ ,  
Ot 

[[W, TI,T] = T(<VTW, Ti)T, 
cqn 2 

-- 2(V~W, VTT)  - 4(VTW, T)n 2 + 2(R(W,T)T,  VTT) .  
Ot 

To calculate ~ 6 ( F ( s , t ) )  we combine the above lemma with a canonical 

argument  based on integrations by parts. Since the boundary terms appearing 

in the computat ions drop out, we obtain from 

a ~ ( r ( s ,  t))/t=0 = 0 

the following Euler-Lagrange equation which characterizes the 4)-elasticae oi 

(N, (,)), 

3 0 2 02 
4(~ 2 + ¢)VTT + 8 ~ ( ~  + ¢)V~T + (40-~: (~: + ¢) + (~: + ¢)(7~ 2 - ¢))VvT 

(5.1) + O((~2 + ¢)(7~2 _ ¢))T + 4(~ 2 + ¢)n(T, VTT)T + 2(~ 2 + ~ ) ~  = 0, 
O 8  
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where V¢ denotes the gradient of ¢ into (N(,)) .  

To bet ter  understand equation (5.1), we pose the following simple problem: 

Let ~/ be a closed geodesic o f a  Riemannian manifold ( N, (, }). The question is to 

characterize the smooth functions ¢ on N which make 3' a ¢-elastica. 

PROPOSITION 2: Let 7 be a closed geodesic o f (N,  (,)) and ¢ a smooth function 

on N. Then 7 is a ¢-elastica if and only if either: 

(1) V¢  vanishes identically along % or 

(2) 3' is an integral curve of V¢. 

Proof: Since O' is geodesic, equation (5.1) becomes 

V¢ = T(¢)T,  

which proves the proposition. 

Remark  3: It  should be observed that  when a potential ¢ is constant, then every 

geodesic is automatically a ¢-elastica. 

The following proposition exhibits a nice geometrical behaviour of the ¢- 

elasticae, with ¢ being constant in a real-space form. 

PROPOSITION 3: Let Nn(c) be an n-dimensionM Riemannian manifold with 

constant sectional curvature c, and ¢ a constant. If  7 is a ¢-elastica in Nn(c),  

then it lies in some N2(c) or N3(c) totally geodesic in Nn(c).  

Proof: It  is clear that  R(T, V T T ) T  = CVTT. We use this fact in (5.1) and 

then we combine it with the Frenet equations of ~/in N~(e). Finally, we apply a 

well-known argument due to Erbacher ([12]), to reduce codimension. 

The reduction of codimension given in the last proposition does not work in 

general. In fact, we are going to show the existence of (closed) ¢-elasticae in, for 

example, S 4 (r) (the round 4-sphere of radius r), with three non-zero curvatures, 

that  means lying fully in S4(r). To do that,  we assume $3(1) is embedded totally 

umbilical (but non-totally geodesic) into S4(r), namely 1 < r. For a helix, we 

mean a regular curve which has all its curvatures constant. Now it is clear that  

an immersed curve 7 in $3(1) is a helix if and only if it is a helix in S4(r). We 

take a closed helix in g3(1) ([5]), with curvature n # 0 and torsion ~- # 0. Then 

7 is a helix in g4(r) with non-zero curvatures n, r and 5. To determine a smooth 

function ¢ on S 4 (r) making 7 a ¢-elastica, just make the following steps: 

1. Define ¢ along 7 and so we know O¢/Os and 02¢/0s  2. 
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2. Using the Euler Lagrange equation, determine V ¢  in te rms  of ¢ along -y 

and the geomet ry  of 3'. Therefore 3' appears  as a solution of tha t  equation.  

3. Finally, integrate  to obta in  q5 locally around ~ and extend it to S 4 (r).  

6. S o m e  e x a m p l e s  o f  W i l l m o r e - C h e n  s u b m a n i f o l d s  

Firs t  of all, we sketch the geometry  of helices in a a-sphere (see [5] for details).  

For the sake of simplicity we consider the round 3-sphere of radius one, $3(1). 

Let  p: ~3(1) - - +  S 2 be  the usual Hopf  mapp ing  which becomes  a R iemann ian  

submers ion  when the base is regarded as a round sphere 82 (gl) of radius 7"1 
2(1 Let/3: R ~ g i )  be  an arclength paramet r ized  curve with  constant  curva ture  

$211~ p E R in ,7 , ,  and consider its Hopf  tube  S e = p - l ( ~ )  (see [201). Then  S e is 

a flat torus  with constant  mean  curvature  in g3 (1). Fur thermore ,  S¢ admi t s  an 

obvious pa ramet r i za t ion  Y(s ,  t) by means  of fibres (s =cons tan t )  and horizontal  

lifts ~ of /3  (t = constant) .  If  we choose a geodesic ~/of  S~ with slope m E R 

(slope measured  with respect  to Y),  then one can show tha t  ~/is a helix in g3(1) 

with curva ture  n and torsion T given by 

p + 2rn 1 - prn - m 2 
(6.1) ~ -  - -  and ~ - -  

l + r n  2 l + r n  2 

This  fact gives a character izat ion of the helices in S a (1). In fact, given any helix 

3, in S3(1) with curvatures  (a ,T)  then it is a geodesic in the Hopf  torus  S e with 

slope rn = (1 - r ) / ~  where /3  has curvature  p = (~2 + r2 + 1)/~.  Consequently,  

a helix in S3(1) can be defined by the pa ramete r s  ( a , r )  or, equivalently, f rom 

(p, rn). In  par t icular ,  a helix in S 3 (1) is closed if and only if there exists a non-zero 

rat ional  number ,  say q, such tha t  

(6.2) rn = q~/p2 + 4 - ~p. 

For convenience, we put  7r: S7(2) ---4 S4(1) as the Hopf  f ibration where $7(2) 

and  54(1) are assumed to be round spheres of radii  2 and 1, respectively. Now 

we have the canonical  variat ion 7rt: (g7(2),•t) > 54(1) of this R iemannian  

submersion.  So we can apply  Theorem 1 to these bundle-like metr ics  ~t to ob ta in  

COROLLARY 1: Let ~/ be a closed curve immersed in $4(1) with curvature 

function n and M~ = 7rt1(3,). Then M t is a Wil lmore-Chen submanifold in 

(S 7, C(~Tt)) i f  and only i f 7  is a critical point  for the functional f~(~2 + 2t2)2ds. 
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Remark 4: Since the potential appearing in the last corollary is constant, namely 

2t 2, Proposition 3 implies that these ¢-elasticae actually yield in S 2 (1) or S3(1) 

totally geodesic in S 4 (1). We are going to take advantage of the simple geometry 

of helices into 53(1) to construct examples of Willmore-Chen submanifolds in 

(S 7, C(~t)) for certain values of the parameter t. 

To better  understand the next Theorem, we define for any real number A < 4 

a non-empty open subset V(A) C IR as follows: 

A--8--4x/'TL~ A-8+4V'T2A)I  [ ( 8 - X - 4 ~ ,  8--X-f-4 4V'~E-A-A) ifA ~ (0,4), 
( 2N ~ 2A ~ 2N 2A 

= - { o }  i f  = o ,  

s - a+4 , / g~  s - ~ - 4 ~  i i ( ~ , - s + 4 ~  x-s-4v'~2-2~ if A < 0. 
2A ' 2A / ~-J~ 2A ' 2A / 

Then we have 

THEOREM 2: Let A be a real number with A < 4. For any rational number 

q E V(A) there exists a closed helix 7q,X in $3(1) which is a critical point of the 

functional f~(~2 + A)2ds. 

Proof: First we use the Euler-Lagrange equation (5.1) with ¢ = A = constant 

and R being the Riemannian curvature operator of $3(1). Then a helix 7 with 

curvatures (~;, T) in g3(1) is a solution if and only if 

(6.3) 3 ~  2 - -  4 T  2 4- 4 -- A = 0. 

Formula (6.3) can be written in terms of the parameters (p, m) as follows: 

(6.4) Am 4 4- 8prn 3 4- (4p 2 4- 2A - 28)m 2 - 20pm - 3p 2 4- A = 0. 

Now we combine (6.2) with (6.4) to see that a closed helix "y is a A-elastica if and 

only if p and its rational slope q satisfy 

F(p,q ,A)  = Aq44- ( ~ - 8 ) q 2 4 -  ~-~ 4- (8 2A)q 34- -~)q]P VP  4-4 

4 - [ 8 A q 4 4 - ( 8 A - 6 0 ) q 2 + ~ ] p 2 4 - [ ( 3 2 - 8 A ) q 3 4 - ( 8 - 2 A ) q ] p v / p 2 4 - 4  

+ 16Aq 4 + ( 8 A -  l12)q 2 + A = O. 

Now we undertake a straightforward long computation to show that  for any 

rational number q ¢ V(A) one obtains a solution of the above equation. 

COROLLARY 2: For any real number t ¢ (0, v/2) and any rational number q ¢ 

V(2t2), there exists a 4-dimensional Willmore-Chen submanifold with constant 

mean curvature in (g7 ~t). 
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COROLLARY 3: For any posi t ive  real n u m b e r  t and any  rational n u m b e r  q E 

V ( - 2 t 2 ) ,  there exis ts  a 4-dimensional  index  three W i l lm ore -Che n  submani fo ld  

wi th  cons tant  mean  curvature  in ( $ 7 , ~ ) ,  where { ~ }  denotes  the canonical 

variation o f  the  s tandard index  three metr ic  on S 7 (2). 

R e m a r k  5: I t  should be  noticed t ha t  similar results could be  obta ined  when we 

work with  the canonical  variat ion of the s tandard  Lorentzian metr ic  on St(2).  
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